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Control of Wing-Rock Motion of Slender Delta Wings

Jia Luo* and C. Edward Lan|
University of Kansas, Lawrence, Kansas 66045

A theoretical analysis is conducted to determine the optimal control input for wing-rock suppression through
a Hamiltonian formulation. The optimality equations are analyzed through Beecham-Titchener's averaging
technique and numerically integrated by a backward-differentiation formulas method developed for implicit
differential equations. The weighting factors in the cost function are shown to be related explicitly to the system
output damping and frequency. A numerical model constructed for an 80-deg delta wing is solved to illustrate
the results. It is shown that Beecham-Titchener's technique is accurate in determining the necessary control
function to suppress wing rock. From the numerical results, it is also shown that an effective way to suppress
wing rock is to control the roll rate. System sensitivity is investigated by determining variations in system output
damping and frequency with aerodynamic model coefficients. The results show that higher sensitivity corre-
sponds to lower system damping.
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Introduction

W ING rock is a concern for combat aircraft because it
may have adverse effects on maneuverability, tracking

accuracy, and operational safety. Typically, it occurs at a
moderate to high angle of attack and involves mainly the roll

Received Sept. 3, 1991; revision received April 13, 1992; accepted
for publication May 29, 1992. Copyright © 1992 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Graduate Research Assistant. Student Member AIAA.
tProfessor, Aerospace Engineering and Center for Excellence in

Computer Aided System Engineering. Associate Fellow AIAA.

degree of freedom. Recently, the phenomenon has received
considerable attention among researchers. Experiments have
been conducted on simple delta wings to help understand the
fundamental mechanisms causing wing rock.1'2 Based on these
test results, mathematical models for motion predictions
have been proposed.3'4 In Ref. 3, models for both one-degree-
of- freedom (DOF) and three-DOF motions were developed.
In Ref. 4, only one-DOF models were considered. In Ref. 4, it
was also indicated that to predict roll divergence, a cubic
term in roll angle was needed in representing the rolling mo-
ment. In all these investigations, no control of the motion was
considered.

Since wing rock is a nonlinear phenomenon, a method of
analysis based on overall or local linearization is not appro-
priate. In Refs. 4 and 5, the analysis was based on a method
of multiple time scales. Beecham-Titchener's (B-T) averaging
technique6 was used in Ref. 3 to predict the limit-cycle fre-
quency and amplitude of wing rock. The B-T method is a
method of harmonic averaging that splits an equation into an
in-phase part for the frequency and an out-of-phase one for
the amplitude. To determine the necessary control for wing-
rock suppression, the method of multiple time scales7 can be
used. However, the B-T method will be used in the present
analysis.

The main objective of this paper is to add a control function
to the equation of wing-rock motion and to develop expres-
sions showing the necessary control to suppress the motion
using a Hamiltonian formulation. The resulting equations are
solved by the B-T method. Since roll divergence is not consid-
ered, the one-DOF model of Ref. 3 will be employed to illus-
trate the concept. A specific numerical model of one DOF
developed in Ref. 8, which is similar to that in Ref. 3, will be
solved to demonstrate the results. Although only one DOF
equation will be considered here, the B-T method is applicable
to a system of nonlinear equations.9

Theoretical Development
Formulation of Equations

Consider the following one-DOF differential equation for
wing-rock motion3:

+ LpQ(i> + sin asLp^\ 0 + Lpp <fr\<t> + u
(1)

where </> is the roll angle, as the steady angle of attack, and u
the control function. Defining

c0 = L0 , = sin c2 = Lp0
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226 LUO AND LAN: CONTROL OF WING-ROCK MOTION

we can rewrite Eq. (1) as

(2)

c2p + c3p(t> sgn(c/>) + c4p2 sgn(p) + u (3)p = c0

where p is the roll rate. To suppress wing rock, a cost function
is defined as

J =

in which the weighting factors satisfy

(4)

To minimize the cost function (4), the following Hamilto-
nian must be optimized:

H = b24>2 2 + \ip + A2 [CQ + Ci (j> + c2p

sgn(p) + M (5)

where AI and X2 are the Lagrangian multipliers. The necessary
optimality conditions are, in addition to Eqs. (2) and (3),

= - 2b2(f) - \2c^ - \2c3p sgn(<£) (6)

X2 = -dH/dp = —2b\p - AI - A2c2 - A2c3</> sgn(</>)

- 2\2c4p sgn(p) (7)

dH/du = 2b3u + X2 = 0 (8)

From Eq. (8), the necessary control function can be obtained
as

u = -\2/(2b3) (9)

One of the main problems in a direct integration of Eqs. (2-8)
is that the conditions to be satisfied by AI and A2 are specified
at a large t, instead of t = 010. To solve Eqs. (2), (3), (6), and
(7) by the B-T method, let

= a cos 6

ism 0 + 77!COS 6)

6)

(10)

(U)

(12)

where a, 0, £1, 771, £2, and y2 are all functions of t. These
specific forms for \{ and A2 are assumed because their solu-
tions are expected to consist of an in-phase part (i.e., the cos 6
term) and an out-of-phase one (i.e., the sin 6 term) relative to
(f)(t). Differentiating Eqs. (10-12), we obtain

= a(fji cos 6- co sin 6)

-2/zco 1 +

(13)

(14)

(15)

(16)

where

, = a/a, co-0, ( )' =d( )/dfl

For the first approximation, it is assumed that

I*' = (u>2Y =£{=ri{= %2 = r]2 = Q

It follows that

0 « a [(jit2 - co2) cos 0 - 2/xco sin 0] (17)

AI « a [(n£i - cot/0 sin 0 + OLWJI + co^) cos 0] (18)

X2 * a [Gi£2 ~ wi?2) sin 0 + (/«y2 + co^2) cos 0] (19)

Assuming that a , /*, co, ^ , 771 , £2, and r/2 do not change signif-
icantly over one oscillation cycle, substituting Eqs. (10-13)
into Eqs. (1), (6), and (7), and integrating over one cycle

27T P27T

(Eq.)cos 0 d0, (Eq.)sin 0 d0
o o

we obtain

2b3 37T 37T

c2co
3?r

4
—
3-7T

= -2b2-

_^

3*

_8_
37T

(20)

(21)

(22)

(23)

4_
37T

(24)

37T

3?r
(25)

Since both ^ and co contain first-order time derivatives, the B-T
method basically splits a second-order equation (1) into two
first-order equations [(20) and (21)]. One advantage of this
method is that it shows clearly how the system damping, /*
[Eq. (21)], is affected by the system parameters, such as c2, c3,
and c4. To solve Eqs. (20) and (21) for p and co, £2 and 772 must
be obtained first from Eqs. (22-25)

(26)

where D is a 2x2 matrix with elements d\\, di2, d2\, and d22
defined in the nomenclature section. Equation (26) can be
solved for £2 and 77 2 and these results are then substituted into
Eqs. (20) and (21) to result in the equations for co and /x.
Alternatively, Eqs. (20) and (21) are solved for £2/63 and
r/2 /&3, and these expressions are substituted into Eq. (26). The
results are

d22h222

(27a)

(27b)

where hi and h2 are defined in the nomenclature section.
Note that the AI and A2 terms have been removed from the

final equations (27). Since n = a/a, co = 0, and b\, b2, b3 are
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constants, Eq. (27) represents an implicit differential equation
of the form

(28)

where F is a two-dimensional function and

yr =(<*J)T, y = (a,e)T

The present mathematical problem can therefore be summa-
rized as follows. After specifying the weighting factors bi~b3,
Eq. (27) is integrated for a(t) and B(t). From Eqs. (20) and
(21), £2 and r/2 are then determined. Finally, the control func-
tion is obtained from Eq. (9). The weighting factors will be
determined in the following way.

Equations (20) and (21) can be solved for /x, and co represent-
ing the damping and frequency of the nonlinear system. Since
JLI and co do not change greatly according to the assumption of
the B-T method, their initial values will be approximated with
some desired values ^d and e^, i.e.,

MO) = fid

co(0) = c*v

If the initial conditions of Eq. (1) are given as

(29)

(30)

(31)

(32)

then from Eqs. (1) and (13)

tf0COS #0 = 00

ao(jidcos Oo-udsin 00) = 0o

from which 00 and a0 can be obtained

a .00 = tan-

#o - 00/cos 0o

(33)

(34)

Using these initial values [Eqs. (29, 30, and 34)] in Eq. (27)
and letting b3 = 1, we can determine appropriate values for b\
and b2- It is clear that for the present nonlinear system, the
weighting factors b\ and b2 depend on the initial amplitude.
However, for a linear system (i.e., C3 = c4 = 0), the matrix D
and Eq. (27) are independent of a, and thus, b\ and b2 are
independent of the initial amplitude aQ.

Numerical Method of Integrating Eq. (27)
Equation (27) is an implicit differential equation and it

cannot be solved analytically. For fully implicit ordinary dif-
ferential equations, the approach of backward differentia-
tion formulas (BDF) is an effective numerical method.11 The
code DASSL mentioned in Ref. 11 is used successfully to solve
Eq. (27).

The implicit differential equation (28) with the initial condi-
tions

(35)

(36)y'(t0)=y6
must be compatible, i.e.,

(37)

In essence, the basic idea for finding the solution at tn+\ is to
replace the time derivatives by backward differences and to

solve the resulting nonlinear algebraic equations by some vari-
ant of Newton's method. The specific algorithm of the present
investigation uses both predictor and corrector formulas. At
the predictor state, the solution at /„+1 is obtained by a predic-
tor polynomial g%+ ̂ t) that interpolates the previous solutions
at the last k + 1 times

The interpolation method is based on divided differences. This
predictor polynomial then provides the solution and its deriva-
tive at t = tn+i

y(nll=g%+\(tn+l) (39)

yt(?l\=g'Pn+\(tn+l) (40)

The final numerical solution at t = tn+i is the solution of a
corrector polynomial g%+\(t) that interpolates the predictor

40.0

30.0

20.0

10.0

"j? 0.0

-10.0

-20.0

-30.0

-40.0

B-T method
———— original equation

0.0 5.0 10.0
Time (sec)

15.0 20.0

Fig. 1 Dynamic characteristics of wing rock based on Beecham-
Titchener's method and numerical integration of the original equa-
tion.
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polynomial at k equally spaced points behind tn+\ and satisfies
the original equation

gZ+i(tn + i)=yn+i (41)

8Z+i(tn+i-ihn+i) = gg+i(tn+i-ihn+l)9 l<i<k (42)

F[g'nC
+l(tn+l\8Z+l(tn+l)]=Q (43)

Reference 12 suggests a method to find g£+l(t). Equation (42)
implies that

where

b(tn+l-ihn+i) = 0,

(44)

(45)

With Eq. (45), the Lagrangian interpolation gives

b(t) = b(tn+i

and thus,

kAC i • nn+l

1 * 1

* / » + l + / 1 + 1 (A~(46)

——' hn+l yr, j
Differentiating Eq. (44) and letting t-tn+\, we obtain

(47)

(48)

from which .y/t'+i can be determined. Substitution of 7^+1 into
Eq. (28) gives

+ ̂ / (^ + i)[^+i-^<5i]^n+i =0 (49)
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Fig. 5 Bank-angle response based on Beecham-Titchener's method
and numerical integration of the original equation (case 2).
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which is the corrector equation for yn + \. By using a modi-
fied Newton method with an initial approximate value y®l {
given by the predictor polynomial, the required solution can be
obtained.
System Sensitivity

In a linear theory, system sensitivity is typically investigated
by determining the variation in transfer function with respect
to the aerodynamic coefficients, or by evaluating singular val-
ues of the system matrix. In the present nonlinear theory, it
can best be studied by using the frequency and damping that
characterize the system output performance.

To determine the system sensitivity, Eqs. (27) are differen-
tiated with respect to the model coefficients c/ (/ = 1, 2, 3, 4)
[see Eq. (3)] to obtain

^ _
+ M ~

, fji
— 2u — —*

du b3
(51)

In Ref. 13, analytic expressions for those partial derivatives
appearing in Eqs. (50) and (51) are presented. By solving for

c/ and do>/dc/, system sensitivity can be investigated.

Results
To illustrate the present method, a specific mathematical

model for the wing rock of an 80-deg delta wing8 will be used.
The model was constructed in Ref. 8 by using the test data of
Ref. 14. It is described by taking coefficients c0 to c4 [Eq. (3)]
as follows:

(50) c2 = 0.76485

i = - 26.6667

c3 = -2.92173 rad-s'1,
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Fig. 7 System damping for different control functions.
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Table 1 Weighting factors and results for control function

Case
1
2
3
4
5
6
7

(ŝ 1)
0.32

-0.70
-1.50
-1.50
-2.00
-2.00
-2.50

(rad/s)
5.158
5.100
5.000
4.900
4.800
4.710
4.450

bi
(rad-s)
0.0
1.71
7.04
9.02
14.31
16.02
25.11

(rad2s~1) (s
0.0
2.55
53.95
0.55
49.35
3.35
3.39

3) (s-2)
I 0.0

0.0839
L -1.1679
L 0.2441

-0.8575
L 0.0655
I 0.0839

k2
(s-1)
0.0

-2.1947
-3.7673
-3.7100
-4.8538
-4.8467
-5.7436

(rad -is-2)
0.0

-1.677
4.167
0.397

-11.16
-11.54

0.2517

k4
(rad-1)
0.0
0.2401
0.0505

-0.0640
0.7724
0.7450
0.1194

ks
(rad-1)
0.0
0.1923
3.0606

-0.252
-0.176
-0.115
1.7350

(s-1)
0.0
0.0107
2.2322

-1.212
6.5507
5.8470
1.6832

Error

5.38E-4
5.33E-4
2.40E-4
5.80E-4
4.36E-4
5.01E-5

0.00

-0.05

9

Af

-0.20
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———-— case 7
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Time (sec)
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Fig. 11 Sensitivity analysis for dp/804.

Assume that the initial conditions are given by

</>(0) = 0.1 rad = 5.7296 deg

0(0) = 0.032 rad/s = 1.8335 deg/s

Both the dynamic and control characteristics by the B-T
method will be discussed.

Dynamic Characteristics
For this model, Eqs. (20) and (21) become

co2 = 26.6667 + fji2 - 0.76485^ + 2.921730^ — (52a)
37T

2fjL = 0.76485 - 2.921730 — (52b)
3?r

From Eq. (52b), the following equation for a ( t ) can be ob-
tained:

da/dt = 0.382420 - 0.6202

which can be integrated with the specified initial conditions to
give

0(0 = (0.119349e°-382420/(l + 0.19349e°-38242r) (53)

As t - co, 0-0.6168 rad = 35.34 deg. This agrees with the data
very well. Equation (52a) provides the following expression for
0(0:

d/9 / 8 \l//z

— = 26.6667 +At2-0.76485/* +2.921730^ — (54)
dt \ 37T/

= 0.38242 - 0.620

which can be directly integrated. This semianalytical solution
is compared with a direct numerical integration of the original
equation [Eqs. (2) and (3) with u = 0] by a fourth-order Runge-
Kutta scheme in Fig. 1. It is seen that the agreement is very
good.

Control Characteristics
By using the B-T method, the weighting factors and optimal

control can be computed in accordance with the method de-
scribed under theoretical development. Application to a linear
equation was shown to agree well with the Riccati solution.13

The optimal control is given by [see Eqs. (9) and (12)]

2b (£2sin 0 + r/2cos 0) (55)

Note that the solution u(t)is computed only as a function of
time. This solution is then expressed as a function of state
variables through the least-squares method as follows:

u = kit + k2p + k3<t>2 sgn(</>) + k4p2 sgn(p)

(56)

As indicated earlier, the weighting factors in Eq. (4) can be
chosen by relating them to the desired system damping and
frequency. Results for some choices are presented in Table 1.
Case 1 represents the motion without control input. In this
case, fi is positive so that it is unstable. For other cases, ju, is
assumed to have some negative values and co is arbitrarily
varied from the value in case 1. The least-squares error is also
presented in the table. It is seen from Table 1 that increasing
bi leads to an increase in k2 and hence to more damping. This
is also illustrated in Figs. 2 and 3. For case 2, the damping level
is lower (-0.7 vs -2.5 for case 7). Therefore, it takes longer
for the motion to be suppressed. However, for case 7 the peak
required control input is much higher, as shown in Fig. 4.
Since bi is related to/?, it may be concluded that controlling
p is more effective in suppressing wing rock.

To illustrate the accuracy of the B-T method, the calculated
control function is added to the equation of motion [Eq. (3)]
and the latter numerically integrated. The results are compared
with the B-T results [Eq. (27)] in Fig. 5. It is seen that the
agreement is very good.

As shown in Eq. (56), u(t) depends nonlinearly on the state
variables. However, only the linear terms [i.e., the first two
terms in Eq. (56)] are important. To illustrate this, the re-
sponses based on the full nonlinear control function and the
linear terms only are compared in Fig. 6. As can be seen, the
results are nearly identical. Physically, this means that the best
strategy of suppressing wing rock is to augment the roll damp-
ing through the feedback of roll rate.

Results of Sensitivity Analysis
Different controller designs result in different stability mar-

gin, i.e., the level of system damping ju, above the stability
boundary (/x = 0). For the present application, the values of ju,
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are illustrated in Fig. 7. Again, without control input (case 1),
/A is positive and it decreases somewhat as the time increases.
With control input (cases 2 and 7), ju, stays relatively constant.
With a system's controller having been designed, the deriva-
tives dn/dCt and dw/dci (i = 1, 2, 3, 4) [see Eqs. (50) and (51)]
can be calculated to indicate system sensitivity to small varia-
tions in the aerodynamic model. Especially, d/z/dc, may be
used to represent the asymptotic stability robustness of the
nonlinear system. The results for the /* derivatives are pre-
sented in Figs. 8-11. Other derivatives can be found in Ref . 13.
It is seen from Fig. 8 that b^/bc\ is small. This is because c\
represents the natural frequency. On the other hand, c2 rep-
resents the linear damping. It is seen from Fig. 9 that d^/dc2
varies with time because of the nonlinear effect. Since | d^/dc2\
is larger for case 2 (with lower damping), this means the design
is more sensitive to c2 variation.

The nonlinear aerodynamic effect comes mainly from c3 and
c4. Since the right-hand sides of Eqs. (50) and (51) are of the
form13

a/x/ac3, d/*/ac4, etc., tend to 0 if a(t)-+Q as f — o>. For case 7
(with high damping), these parameters are much smaller than
those in case 2 in magnitude and they tend to 0 much faster, as
shown in Figs. 10 and 1 1 . In a linear system (c3 = c4 = 0), ju, and
co are both constants. Therefore, djLt/dci = 0, and du/dci, d/x/
dc2, and dco/dc2 are all constant.

Conclusions
Dynamics and control of wing rock of slender delta wings

were investigated through the Beecham-Titchener averaging
technique. The optimal control input to suppress wing rock
was determined through a Hamiltonian formulation. A spe-
cific numerical model of wing rock for an 80-deg delta wing
was solved in detail. The numerical results indicated that
Beecham-Titchener 's technique is accurate in analyzing the
dynamic motion and determining the optimal control input.
The results also indicated that it was sufficient to use a linear
feedback of state variables, such as roll rate, to suppress wing
rock. System sensitivity was investigated by determining the
variation of system output damping and frequency with aero-
dynamic model coefficients. Higher sensitivity was obtained
for a system with lower damping.
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